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Abstract 

A method is proposed for the 
prediction of load – deflection 
relationship of rectangular R.C slabs 
with three edges fixed and the fourth 

free under uniformly distributed loading. The 
analysis is carried out in three stages. The first 
stage represents the initial pre-cracking elastic 
stage. In this stage, use is made of the classical 
plate theory to predict the load and deflection up 
to the cracking load. The second stage represents 
the elasto-plastic stage and starts from the 
cracking load to Johansen’s yield line theory load. 
In this stage, the cracking of concrete and 
yielding of steel reinforcement are accounted for 
by suitability modifying the flexural rigidity. 
Changes that occur in the support conditions 
along the fixed edges due to the formation of the 
yield line lines at Johansen’s load are also 
considered. In the third stage of analysis, a 
method based on the flow theory of rigid plastic 
bodies, is developed for assessing the ultimate 
strength as well as determining the post yield 
behavior of such slabs. The method takes into 
account the significant effect of membrane forces 
which are usually induced in the plane of the slab 
along sagging and hogging yield lines as the slab 
deflects. Considering equilibrium and 
compatibility of the deformed slab elements, load-
deflection relation is derived starting from the 
initial compressive membrane action up to the 
full-depth cracking at large deflections. The rigid- 
perfectly plastic behavior is adopted with 
modification to obtain the actual maximum 
ultimate load including membrane action and the 
deflection at this ultimate load. The predicted 
load- deflection relationship is fairly comparable 
with typical load- deflection curves of restrained 
slabs.     
Keywords Compressive membrane action; plastic 
theory; ultimate strength; yield lines. 
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Introduction  

The Johansen’s yield theory based on rigid – 
plastic approximation [1] has been proven 
successful in predicting the ultimate loads of 
reinforced concrete slabs. This ultimate load is 

 
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known as Johansen’s yield line theory load and is 
assumed to be independent of the deflections.     
Yield line load obtained by Johansen’s yield line 
theory is found to be less than the ultimate load 
obtained from tests [2]. This load enhancement is 
due to boundary restraints and change in 
geometry. This phenomenon is called membrane 
action. Many researchers using rigid plastic 
analysis have been reported in the past [2-5]. These 
methods are able to predict the ultimate load of 
such slabs at zero deflection and the descending 
portion of the load deflection curve. However, 
they are unable to trace of actual load – deflection 
behavior. Many researchers [ 6-9] have looked into 
the actual load-deflection behavior of unrestrained 
and restrained reinforced concrete slabs. These 
analyses were carried out in three stages; elastic, 
elasto-plastic and plastic. The predicted load 
deflection relationships obtained from these 
analyses showed good agreement with 
experimental results. The same approach was 
adopted by Kadir [10] to predict the complete load-
deflection behavior of rectangular slab with three 
sides simply supported and the fourth free under 
uniform loading. The theoretical predictions of 
this work are fairly comparable with the 
experimental results. In the present work, an 
attempt has been made to predict the load – 
deflection behavior of rectangular slabs with three 
edges fixed and the fourth edge is free under 
uniformly loading including the effect of 
membrane action. 
 
Theoretical Analysis 

A rectangular slab, with one long edge free and 
the three other edges fixed, as shown in Fig (1) is 
analyzed under uniformly distributed load. The 
slab is isotropically reinforced in the bottom face 
and with the same amount of reinforcement in the 
top face only at supports. The load – deflection 
relationship is idealized as shown in Fig (2). The 
analysis is carried out in three stages.  
1- Elastic stage. 
2- Elasto-plastic stage. 
3- Plastic stage. 
 
1- Elastic stage 
 
In this stage, the slab behaves as an elastic plate. 
The elastic segment (OA) of the load – deflection 

relationship is essentially a straight line defining 
full elastic behavior in this region. The maximum 
deflection and the maximum bending moment at 
mid – span of unsupported side is calculated from 
classical plate theory [11] 
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where           are deflection and bending 

moment coefficients, respectively. 
The constants           depend on the   ⁄  ratio 

and Poisson’s ratio   [11]. Numerical values of 
          are found from Table (1). This table is a 

copy of the table found in Ref 11]. 
It can be seen from Fig (2) that the slab during 
this stage is relatively stiff and any increase in 
load is accompanied by a proportional increase in 
deflection.  
The pre-cracking elastic region ends when first 
cracking appears at mid- span of the unsupported 
side at an intensity of load of     . This is 
represented by point A in Fig (2) which can be 
estimated by equating      to the cracking 
moment     such that   
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A combination of Eqs (2) and (3) gives 
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and when this value of load is substituted into Eq 
(1) the cracking deflection     corresponding to 
point A will be  
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2- Elasto-plastic Stage 

This stage starts from the cracking load at A to 
Johansen’s simple yield line theory load at D, 
where flexural cracking occurs at the maximum 
bending moment regions of the slab, and there is 
a deviation of the load – deflection relationship 
from linearity.  
The effect of cracking of concrete and yielding of 
steel is included by choosing a decreasing 
moment of inertia Function (  ) analogous to that 
specified by ACI Code [12]. 
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)
 

+                                  ( ) 

Where    represents the intensity of the uniformly 
distributed load at the stage deflection is 
computed, and     is the moment of inertia of the 
slab cracked transformed section per unit width, 
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The load    can still be calculated on the elastic 
basis from Eq (2) by substituting      , the 
moment capacity of the slab section at that given 
stage, thus 
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Referring to Fig (2), the elasto – plastic stage is 
subdivided into three regions (segments) AB, BC 
and CD. 

Region (segment) AB 
 
The pre-cracking elastic region terminates at the 
initiation of the first crack and moves into region 
AB of the load – deflection relationship Fig (2). 
Most slabs lie in this region at service loads. After 
cracking and before yielding of reinforcement, the 
slab is no longer of constant stiffness, since the 
cracked regions have lower flexural stiffness,   , 
than the un-cracked regions, and the slab is no 
longer isotropic, since the crack pattern may 
differ in the two directions. Although this violates 

the assumptions in the elastic theory, tests 
indicate that the elastic theory still predicts the 
moment adequately [13]. 
When the terminating point B is reached, the 
steel bars commence to yield at the maximum 
moment region and the moment capacity of the 
slab at this section is simply the yield 
moment   , which can be calculated on the basis 

of the stress distribution shown in Fig (3) as  
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Region (segment) BC 
 
Along portion BC, the slab continues to yield and 
a heavy spread of cracks may be observed 
accompanied by inelastic compressive stress 
distribution of concrete until when point C is 
reached the section of slab at maximum moment 
region has reached its ultimate moment capacity 
(  ) where 
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The corresponding load and deflection are    
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Region (segment) CD 

With further load, the regions of yielding known 
as yield lines divide the slab into a series of 
trapezoidal or/and triangular elastic plates as 
shown in Fig (4). The load corresponding to this 
stage of behavior can be estimated by using the 
yield – line theory analysis [1]. The Johansen’s 
yield line theory load    (corresponding of point 

D) for mode (1) is determined following the 
principle of virtual work method as follows: 
The positive yield line is given a unit 
displacement and the internal work is calculated 
as 
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The external work done can be thought of as 
being the uniform load multiplied by the volume 
swept out by the slab segments when displaced, 
thus 
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Equating the external and internal works gives 
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The value of   corresponding to the least value of 
   is obtained by equating the derivative of Eq 

(19) to zero, gives 
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Substituting   from Eq (20) into Eq (19) gives the 
least    as 
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The deflection at D is calculated as follows: 
Changes that occur in support conditions along 
the fixed sides due to the formation of the 
negative yield lines at Johansen’s load is to be 
considered. This is done by changing the 
deflection coefficient    in Eq (1) to be the 

average of the cases of simply supported and 
fixed supports as 
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3- Third Stage (plastic Stage) 

In this stage of analysis, the crucial effect of 
compressive membrane action in the slab is 
considered. 
The following assumptions are made in an 
attempt to determine the effect of membrane 
action in isotropically reinforced rectangular slabs 
with fixed supports along three edges and free 
along the fourth edge. 
1- Plane sections before bending remain plane 

after bending, i.e., the strain distribution 
across the depth of a section is linear. 

2- The materials are rigid – perfectly plastic. 
3- At the yield section, the steel has yielded and 

the compressed concrete has reached its 
ultimate strength. The stress distribution of 
the concrete is assumed to the shape of an 
equivalent rectangular block as defined by 
ACI code. The strength of concrete in tension 
is neglected. 

4- The form of failure is determined by the yield 
– line method and is made of straight yield 
lines with a single yield line running into 
both corners, i.e. corner effects are neglected. 

 
Analysis 

A rectangular rigid plastic concrete slab with 
three edges fixed in and the fourth edge free, 
carrying a uniformly distributed load is 
considered, isotropically reinforced in the bottom 
face only at center and with the same amount of 
reinforcement in the top face only at supports is 
assumed. The slab yields under the simultaneous 
action of a bending moment   and a compressive 
axial force   acting at the slab mid – depth Fig 
(3). 
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Referring to the stress distribution at ultimate 
stage shown in Fig (3), 
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A combination of equations (24) and (25) leads to 
the following non-dimensional yield criterion: 
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Where   : is as given by Eq (15) 

                                                                                             

                 

 
 
 
 
 
        

  
  

 

 

         
  
  

 

               

                 

       
  
  

 

 

         
  
  

 

                                                        

If the yield criterion is denoted by a function  , 
the ratio of the plastic axial strain rate  ̇ to the 

plastic curvature rate  ̇  according to plastic 
potential flow rule [5] must be 
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Yield Mechanism and Compatibility Equations 

An initial collapse mechanism of the type shown 
in Fig (4 b) is considered and assumed to be 
preserved at large deflections. This mode was 
chosen to simplify the geometry of the yield 
mechanism. If the vertical deflection at mid – 
point of the free edge is   , the corresponding 
rotations of the triangular middle surface 

elements (Fig 5) relative to the supporting edges 
are   and   respectively. These plastic rotations 
are related to the plastic axial elongations    at 
sagging yield lines and    and    at hogging 
yield lines according to the following 
compatibility equations:  

Sec. 1-1 
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Sec. 2-2 
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From Eqs (28) and (29) 
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From Eq (30) 
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From Eq (31) and (29) 
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Differentiate w.r.t.   

            
   
  

     
   
  

     
 

 
                        

From strain distribution at sagging yield lines 
(Fig 6) 
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From strain distribution at hogging yield lines  
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Eq (32) define the depth of the neutral axis along 
the sagging yield lines whereas Eq (33) define the 
neutral axis depth along the hogging yield lines 
at the slab periphery.  

Horizontal Equilibrium Equations  

The only unknown in Eqs (32) and (33) for a 
given maximum deflection    is    and this may 
be determined by considering the horizontal 
equilibrium of either elements (1) or (2) in Fig (7). 
Due to symmetry arguments, there can no-inplane 
shear force acting on the slab along the yield 
lines. 
Considering element (2) and resolving forces 
perpendicular to the fixed edge of element (2) in 
Fig (7) gives:  
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The values of the membrane forces    and    
acting perpendicular to the yield lines are 
obtained by substituting the values of    and    
defined by Eqs (32) and (33) each at a time into 
Eq (27), which gives 
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Reducing Eq (34) gives 
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The limiting deflection   
  for which Eq (35) is 

valid is obtained when    
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Using the expression of the limiting deflection 
  

  given by Eq (36), the value of    represented 
by Eq (35) may be written in the following form 
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It is apparent from this equation that at zero 
deflection,      and therefore the neutral axis 
of the slab section coincides with mid – depth 
axis. This indicates a concrete compression block 
extending as for as half the slab thickness. With 
increasing deflection, the neutral axis at the 
central region of the slab shifts upward, until 
when    reaches   

  the concrete block vanishes 
and the neutral axis touches the slab top surface 
(full depth cracking).  

Yield moment and axial forces  

The axial forces can be determined by introducing 
the value of    from Eq (35) into Eq (32) and (33) 
with use of Eq (27) the results will be 
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Substituting the expressions for 
 

  
 into Eq (26) 

gives the corresponding equations for the yield 
moments  
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Yield loads 

Having expressed the values of the axial forces 
 

  
 

and the yield moments    ⁄  in terms of 
maximum deflection of the slab   , the yield loads 
corresponding to any maximum deflection can 
now be found by considering the equilibrium of 
the slab elements. To account for any vertical 
shear, nodal forces   are introduced at the 
intersection of the sagging yield line with the free 
edge (see Fig 8), such that the summation of 
these forces at the junction of the yield lines is 
zero. 

Moment Equilibrium of the Rigid Triangular 
Element (abc) 

Referring to the Fig (8), by taking moments about 
the mid – depth of the slab fixed edge ab, the 
following equilibrium equation is obtained  
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Moment Equilibrium of the Rigid Triangular 
Element (acd) 
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The nodal force Q can be eliminated by equating 
Eqs (42) and (43) which give 
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Substituting              given by Eqs (38), 
(40) and (41) into Eq (44) gives 
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The Johansen’s yield line theory load for the slab 
is  
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Dividing Eq (45) by    and Reducing gives 
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If the expressions of               are 
introduced, Eq (47) will have the following form 
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Where           
  

   
 

In Eq (48), the effect of rectangularity (
 

 
) on the 

load- deflection behavior of rectangular slabs with 
three sides fixed and the fourth is free, is 
included in the load term    . Graphical 

representation of Eq (48) is given in Fig (9). The 
figure shows the possible enhancements in the 
load carrying capacity above the Johansen load 
due to the effect of variation in the percentage of 
reinforcement   and the slab deflection.   
It is apparent from this analysis that due to 
compressive membrane action, rectangular R.C 
slabs with three sides fully restrained and the 
fourth is free, can carry loads far beyond those of 
Johansen’s simple yield line theory. The reserves 
in strengths are found to be more pronounced in 
lightly reinforced slabs (Fig 9).   
The assumption of rigid-perfectly plastic behavior 
of R.C. rectangular slabs with three edges fully 
restrained against rotation and horizontal 
translation implies that the maximum yield load 
is attained at zero deflection. Therefore, from Eq 
(47); 
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where    = ideal maximum ultimate load 
including compressive membrane action. 
It is worth re-emphasizing here that the 
enhancement factor given by Eq (49) is only 
idealized since it is based on assuming that the 
slab behaves in a rigid-perfectly plastic manner. 
This implies that the ultimate load, which is 
many times greater than Johansen’s yield line 
theory load and corresponds to zero deflection 
according to Eq (47), is somewhat exaggerated. If 
elastic strains, for instance, has been introduced 
in the analysis the value of the ultimate load 
would have reduced, and will be given as 
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 where    = actual maximum ultimate load 
including compressive membrane action. 

               = reduction factor 

It is suggested that a reduction factor        
could be used in practice [2] 

The deflection     corresponding to     is 
obtained from Eq (48) as 
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Summary of the Analysis 

A complete load-deflection diagram for a 
rectangular slab with three edges fixed and 
fourth edge free can be constructed with reference 
to Fig (2) as follows  
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1. The values of the coordinates of the 
points A, B, C, D, E and F are calculated 
using the appropriate equation as 
indicated below. 

 

Point 
Eq. no. used to evaluate the  

absesa (deflection)  ordinate (Load) 

A 7 6 
B 13 12 
C 17 16 
D 22 21 
E 51 50 
F 36 48 

 

2. The referred points O, A, B, C, D, E and 
F are connected by straight lines.  
 

Illustration of proposed method 

To illustrate the proposed method, a hypothetical 
R.C rectangular slab with three edges fixed and 
the fourth edge free under uniformly distributed 
load is considered. The slab is isotropically 
reinforced in the bottom face and with the same 
amount of reinforcement in the top face only at 
supports and having the following properties  

                                       
                    

 
         

                                            

1- The values of the coordinates of the points A, 
B, C, D, E and F are calculated using the 
appropriate equation as indicated previously. 
The results are as shown. 

 

Point Deflection,    (mm) Load, P kN 

A 0.79 12.3 
B 1.76 19.5 
C 1.86 20.22 
D 5.84 38.7 
E 15.6 64.2 
F 25.84 58.85 

 

2- The referred points are connected by straight 
lines to obtain a complete load deflection 

relation similar to that of Fig (2). This is 
shown in Fig (10). 

3- The predicted load-deflection curve Fig (10) is 
very comparable in shape with typical 
experimental load-deflection curves of 
restrained slabs. Unfortunately, there is no 
experimental data available in hand to show 
the discrepancies.  

4- As the load is increased from O to E, the slab 
behavior is initially elastic and then become 
inelastic at the critical sections at higher 
loads until at E the yield line pattern for the 
slab is fully developed. When the ultimate 
load at E is reached the compressive forces at 
the surrounds become maximum and there 
after decline as the deflection increases 
resulting in a decrease in the value of the 
load. Comparing the predicted actual ultimate 
load with that of ACI Code and yield line 
theory, there are respectively,218% and 66% 
increase in the ultimate load for this 
particular case. 
 

Summary and Conclusions 
 
A method has been proposed to predict the load-
deflection behavior of R.C. rectangular slabs with 
three edges fixed and the fourth edge free under 
uniformly distributed loading. 

The main conclusions to be drawn from the 
present study are: 

1- The predicted load-deflection relationships are 
very comparable in shape with the typical 
experimental load-deflection curves of 
restrained slabs. 

2- The slabs have ultimate loads which are far 
in excess of that indicated by Johansen’s yield 
line theory and ACI Code due to development 
of compressive membrane forces. 

3- The enhancement in ultimate load above 
Johansen’s load is more pronounced in 
lightly reinforced slabs. 
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سلوكيت الحمل والاود للبلاطاث الخرسانيت المسلحت 
 والرابعت حرة  المسخطيلت الشكل بثلاثت حافاث مثبخت

 ححج حاثير الحمل المنخظم
 
 اسخبر ٍسبعذ -د. علي فليح حسن

 قسٌ اىهْذست اىَذّيت -مييت اىهْذست- دهىك جبٍعت
 

   المسخخلص:
يقذً اىبذث عشيقت لايجبد اىعلاقت اىَخنبٍيت بيِ اىذَو 
اىَْخظٌ والاود ىيبلاعبث اىخشسبّيت اىَسيذت اىَسخغييت 

واىشابعت دشة حذج حبثيش   اىشنو بثلاثت دبفبث ٍثبخت
اىذَو اىَْخظٌ. حغغي اىغشيقت اىَقخشدت اىَشادو اىثلاثت 
اىشئيسيت في اىخذييو واىَخَثيت بَشادو 
اىَشوّت,اىلاٍشوّت واىيذوّت . في ٍشديت اىَشوّت حٌ 
اسخخذاً ّظشيت الاىىاح اىخقييذيت لاسخْببط اىعلاقت بيِ 

ىثبّيت حَثو اىذَو والاود ىذذ دَو اىخشقق . اىَشديت ا
اىلاٍشوّت وحبذأ هزة اىَشديت ٍِ دَو  -ٍشديت اىَشوّت

اىخشقق اىً دَو ّظشيت اىخضىع. حٌ في هزة اىَشديت 
الاخز بْظش الاعخببس دبىت اىخشقق ىيخشسبّت واىخضىع 
ىذذيذ اىخسييخ ورىل بخعذيو جسبءة الاّذْبء ومزىل 
اىخغيش في دبىت الاسْبد ىيذبفبث اىَثبخت ّخيجت حنىيِ 
خغىط خضىع عْذ دَو ّظشيت اىخضىع. في ٍشديت 
اىيذوّت وببلأعخَبد عيً ّظشيت سيىىت الأجسبً اىجبسئه 
اىيذّت ,حٌ اسخخذاً عشيقت لادخسبة اىذَىىت اىقصىي 
وايجبد اىخصشف اىيذُ اخزا بْظش الاعخببس اىخأثيشاث 
اىَهَت ىيقىي اىغشبئيت اىَخىىذة في ٍسخىي اىبلاعت عيً 

أثْبء هغىه اىبلاعت . أسخخذٍج  عىه خغىط اىخضىع
قىاّيِ الاحزاُ واىخىافق ىعْبصش اىبلاعت اىَشىهت 

 .لأشخقبق
  

فعو اىضغظ اىغشبئي  , ّظشيت اىيذوّت,  الكلماث المفخاحيت:
 اىَقبوٍت اىقصىي , خغىط اىخضىع.
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Table 1 : Deflection and bending moment coefficients of uniformly rectangular 
plates with edges fixed and the fourth edge free (Fig.1) * (by researcher) 

 

 
       

0.60 0.00271 0.0336 

0.70 0.00292 0.0371 

0.80 0.00308 0.0401 

0.90 0.00323 0.0425 

1.00 0.00333 0.0444 

1.25 0.00345 0.0467 

1.50 0.00335 0.0454 

* From Ref. [6] 
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Fig. 1: Rectangular slab with three edges fixed  
and the fourth edge free. (by researcher) 
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Fig. 2 : Idealized Load-deflection curve of a R.C rectangular slab 

            with three edges fixed and the fourth edge free [8,10] 
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Fig. 4 : Yield line patterns (mechanisms) for 

the rectangular slab with three edges fixed and 

the fourth edge free. (By Researcher) 
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Fig. 3 : Stress Distribution on Slab Section. ((by researcher) 
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Fig. 5 : Deformation of the rigid mechanism. (by researcher) 
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Fig. 6 : Strain distribution at sagging and hogging yield lines. (by researcher) 
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Fig. 7 : Horizontal forces on slab elements before the formation 
of a pure tensile membrane. (by researcher) 
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Fig. 9 : Effect of percentage of Reinforcement on 𝑃 𝑃𝐽⁄   (by researcher) 
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Fig. 10: Load-deflection curve. (by Researcher)   




